In this paper we consider an extended Gauss-Bonnet gravity theory in arbitrary dimensions and in a space provided with a Weyl connection, which is torsionless but non-metric-compatible, the non-metricity tensor being determined by a vector field. The considered action consists of the usual Einstein-Hilbert action plus all the terms quadratic in the curvature that reduce to the usual GaussBonnet term for vanishing Weyl connection, i.e., when only the Levi-Civita part of the connection is present. We expand the action in terms of Riemannian quantities and obtain vector-tensor theories. We find that all the free parameters only appear in the kinetic term of the vector field so that two branches are possible: one with a propagating vector field and another one where the vector field does not propagate. We focus on the propagating case. We find that in 4 dimensions, the theory is equivalent to Einstein's gravity plus a Proca field. This field is naturally decoupled from matter so that it represents a natural candidate for dark matter. Also in d = 4, we discuss a non-trivial cubic term in the curvature that can be constructed without spoiling the second order nature of the field equations because it leads to the vector-tensor Horndeski interaction. In arbitrary dimensions, the theory becomes more involved. We show that, even though the vector field presents kinetic interactions which do not have U (1) symmetry, there are no additional propagating degrees of freedom with respect to the usual massive case. Interestingly, we show that this relies on the fact that the corresponding Stückelberg field belongs to a specific class within the general Horndeski theories. Finally, since Weyl geometries are the natural ground to build scale invariant theories, we apply the usual Weyl-gauging in order to make the Horndeski action locally scale invariant and discuss on new terms that can be added.
I. INTRODUCTION
Einstein's theory of General Relativity (GR) is about to turn its first century of existence and still provides the most successful and widely accepted theory for gravity. It is based on a purely geometrical interpretation of the gravitational interaction with the metric of the spacetime playing a central role. In GR, the geometrical properties are fully determined by the metric tensor g µν , which is itself a dynamical quantity linked to the matter content via Einstein's equations. A key ingredient of Einstein's gravity is the assumption of torsionless and metric compatible spacetime connection. These two conditions completely determine the connection to be the Levi-Civita connection of the metric.
However, the geometry of an arbitrary manifold can be more complicated than that since, in addition to the metric, we also need to specify the connection, which a priori is a completely independent object from the metric [1] . Rather than starting with minimal field content, we can start with minimal assumptions and thus not postulate the affine structure of the manifold to be dictated by its geometric structure. In the Palatini formalism, the scheme is indeed such, and variations of the action are taken independently with respect to the metric and the connection [2] . It is remarkable that the Einstein-Hilbert action in the Palatini formalism is equivalent to GR, the equation of motion for the connection then imposing its metric compatibility a posteori. However, the Palatini formulation of more general actions leads to theories that are distinct from the corresponding metric theories. The issue of fundamental degrees of freedom in gravitational geometry has been investigated recently also adopting various novel approaches. In the so called C-theories the spacetime connection is prescribed to be generated by a conformally related metric [3] while the so called bimetric variational principle allows the connection to emerge from a completely independent metric [4] . Biconnected spacetimes [5] and different tetrad formulations have been also explored in interesting studies [6] .
The history of nonmetricity dates back to Hermann Weyl, who considered conformally invariant theories of gravity. The freedom to choose a conformal gauge was associated with a vector field that quantifies the nonmetricity of the connection. Identifying the vector with the electromagnetic gauge field potential, the set-up provided a unification of gravity and electrodynamics [7] . It is not clear whether conformal gravity could describe consistently our universe, the issue being still investigated [8, 9] . However, the nearly scale invariant spectrum of cosmological perturbations and the fact that the Higgs mass is the only term breaking scale invariance in the Standard Model of elementary particles are very suggestive indications that this could be an actual symmetry of a more fundamental theory that has been spontaneously broken. In fact, even in theories that exhibit an exact scale-invariance at the classical level, the corresponding renormalization scheme will generally break it at the quantum level. At this respect, scale invariant theories have been proposed as possible resolutions to the cosmological constant and/or Higgs hierarchy problems [10] (see however [11] ).
In the present work, we are not concerned about the existence of such a fundamental theory and will simply allow the spacetime to have nonmetricity described by a Weyl-type vector field, without necessarily attempting to impose conformal invariance of the theory. This approach might be thought of as the resulting low energy effective theory of a truly scale invariant theory where this symmetry has been spontaneously broken. The nonmetricity vector field can then become a physical field that appears as an additional gravitational degree of freedom associated with the nonLevi-Civita part of the connection. It turns out that such theories can reproduce various vector-tensor theories studied in the literature and also give rise to new interactions. What we thus obtain are purely geometric interpretations for such theories, where the new vector field, instead of being introduced as an ad hoc matter field, emerges from the nonmetric nature of the spacetime structure. This provides the vector field a more profound origin and, therefore, it serves as a promising guiding principle to build new theories. Vector-tensor theories have been studied actively since the original works [12] , especially in view of their applications to cosmology as dark energy candidates [13] , fields driving an inflationary phase [14] , as curvature perturbations generator [15] , or as components of modified gravities theories [16] .
This paper is organised as follows. First we will briefly review Weyl geometry in Section II. A very natural first starting point for constructing gravity theories is to consider Einstein-Gauss-Bonnet type actions, since they reduce to GR in the Riemannian limit and are not expected to introduce ghosts or other pathologies in the more general Weyl geometry either. We compute the resulting actions in terms of GR + vector terms for such classes of theories in Section III. In Section IV we then study some simple interesting examples in the four-dimensional case, and in Section V look at d > 4. There we obtain Horndeski-type scalar theories. We promote those theories into scale-invariant ones exploiting the Weyl-type gauging in Section VI. Our findings are then briefly summarised in the concluding Section VII.
II. WEYL GEOMETRY
The essential novelty introduced by Einstein to describe gravity in geometrical terms was the assumption that physical phenomena occur in a (pseudo) Riemannian geometry, i.e., the spacetime curvature is not trivial. This means that there is a mismatch when parallel transporting a vector along a close path or, equivalently, the direction of a vector changes under a parallel transport. A natural generalisation introduced by Weyl soon after Einstein's General Relativity was the assumption that, not only the direction, but also the length of a vector changes under a parallel displacement. In this section we will review the basics of this Weyl geometry and give the relevant geometric equations that we will need later 1 . Weyl geometry is characterized by the presence of a non-metricity tensor which is given in terms of a vector field. More precisely, the spacetime connection (which we will denote byΓ α βγ and defines the covariant derivative∇) is not metric compatible, but it is determined by the equation
Unlike in Riemannian geometries where the connection is entirely determined by the metric tensor, in Weyl geometry the connection is provided with additional degrees of freedom ascribed to the vector field A µ . A general connection can be split into three independent pieces, namely: The usual Levi-Civita piece fully determined by the metric tensor, the non-metricity part that determines the violation of metric compatibility and, finally, the torsion-dependent part giving the antisymmetric component of the connection. Thus, in addition to the above condition, Weyl geometry assumes a symmetric connection so that the spacetime is torsionless. Under the symmetric connection condition we can fully obtain the connection by solving (1), whose solution iŝ
with Γ α βγ the usual Levi-Civita connection for the spacetime metric g µν given by the usual formula
The second piece of the spacetime connection depending on the vector field is called the Weyl connection and has tensorial transformation properties, since it can be written as the difference of two connections
We can expand covariant derivatives and other geometrical objects to write them in terms of the metric-compatible connection and the vector field. This allows to transform a given action in a Weyl geometry into a theory in Riemannian geometry but with additional matter content and interactions coming from the Weyl vector field A µ . The Riemann curvature will be defined as:
Since the spacetime geometry is provided with non-metricity, the Riemann tensor does not have the usual symmetries of Riemannian geometry, but only the antisymmetry in the two first indices remains R µνρ α = −R νµρ α . This leads to an ambiguity in the definition of the Ricci tensor as the trace of the Riemann tensor, since we have three independent possibilities. The first one is the usual contraction R µν ≡ R µαν α . Notice that, even though we are considering a torsionless connection, the presence of non-metricity will induce an antisymmetric part in R µν . The second possibility is the alternative independent trace Q µν ≡ R µνα α , which is the so-called homothetic curvature and is, by definition, an antisymmetric tensor. For symmetric connections, e.g. Weyl connections, one has that Q µν = R [µν] . Finally, the third independent contraction is the co-Ricci tensor given by P µ α ≡ g νρ R µνρ α . Concerning the scalar curvature, there is no ambiguity since Q µν is traceless and g µν R µν = −P µ µ . After the above digression about the different possible contractions of the Riemann tensor, we can proceed to compute them for the case of a Weyl geometry and express them in terms of of the usual Riemannian objects and the Weyl vector. The Ricci tensor is given by
where d is the spacetime dimension and R µν is the usual Ricci tensor associated to the Levi-Civita part of the connection, i.e., it is fully determined by the spacetime metric. The remaining independent traces of the Riemann tensor relate to the Ricci tensor as follows:
with F µν = ∂ µ A ν − ∂ ν A µ the strength tensor associated to the Weyl vector. As commented above and we can clearly see from the previous expressions, the Ricci scalar is unambiguously defined and can also be straightforwardly computed
To end this brief introduction to Weyl geometry, it is worth mentioning that the usual motivation to consider such spacetimes is the introduction of a local conformal invariance, since the non-metricity condition given in (1) is nothing but the definition of a covariant gauge derivative that transforms appropriately under a local conformal transformation, being A µ the corresponding gauge field. It is very easy to check that such a condition is invariant under g µν → e 2Λ(x) g µν simultaneously with A µ → A µ − ∂ µ Λ(x), which means that one can define the covariant derivative
which transforms covariantly under the mentioned transformation. Thus, the condition defining the Weyl geometry (1) is equivalent to setting D µ g αβ = 0 and is, of course, conformally invariant. This covariant derivative allows to construct actions with local conformal invariance and has been very extensively explored in the literature. In the next section, we do not aim to construct this type of Weyl-invariant theories, but we simply assume that the spacetime has a non-metricity tensor of the Weyl form and study its consequences. However, we will come back to this issue in section VI where we will make use of this fact to construct a general theory with local Weyl invariance.
III. EXTENDED GAUSS-BONNET GRAVITY IN WEYL GEOMETRY
The aim of the present work is to explore gravitational theories beyond the simplest Einstein-Hilbert action within the framework of Weyl geometries. In particular, we wish to consider actions containing geometric invariants quadratic in the curvature Riemann tensor. In principle, there is a high number of different invariants that one can construct by using different contractions of the Riemann tensor. Higher curvature invariants were considered in [19] in the context of Weyl-invariant theories, although not all the possible independent contractions were included. Here, in order to restrict the number of terms in the resulting action, we shall restrict to those terms such that they reduce to the Gauss-Bonnet term in a Riemannian geometry, i.e., in the case when the Weyl connection vanishes. The reason for this restriction is the well-known fact that the Gauss-Bonnet term, being a Lovelock invariant, leads to second order equations of motion for the metric tensor and, thus, avoids the potential presence of Ostrogradski's instabilities.
The Gauss-Bonnet term for a Levi-Civita connection is given by the precise combination R αβγδ R αβγδ − 4R αβ R αβ + R 2 . However, for a general connection, there are several combinations that lead to the Gauss-Bonnet term when imposing torsionless and metric-compatibility. For the Riemann tensor of an arbitrary connection R αβγ δ , there are 3 different combinations that reduce to R αβγδ R αβγδ for a Levi-Civita connection, namely: R αβγδ R αβγδ , R αβγδ R αβδγ and R αβγδ R γδαβ . These three combinations are trivially the same for the Levi-Civita connection because R αβγδ = R γδαβ = −R αβδγ in such a case. For the Ricci tensor contractions, we can in principle consider all the contractions of the Ricci, the co-Ricci and the homothetic curvature tensors. However, since the homothetic curvature is nothing but the antisymmetric part of the Ricci tensor for symmetric connections, it will not give rise to additional quadratic terms independent of those built with the Ricci tensor for a Weyl geometry. Thus, we only need to consider the 6 possible combinations of R µν and P µν . Finally, the scalar curvature is unique so that the quadratic action that we seek for will have the general form:
where c i and b i are dimensionless constants and λ has dimension [λ] = 4 − d. Since we want to recover the GaussBonnet term for the Levi-Civita part of the connection, we need to impose the following two conditions:
The above action with the corresponding constraints on the parameters is the desired one for an arbitrary connection. However, for the case of a Weyl geometry, things are simpler because all the independent contractions appearing in that action only differ by a term proportional to F µν F µν so that only one particular combination of the parameters is actually relevant and the action can be written as
with G = R αβγδ R αβγδ − 4R αβ R αβ + R 2 the Gauss-Bonnet term corresponding to the Levi-Civita connection and
is the aforementioned only parameter (in addition to the coupling constant λ) determining the Weyl vector sector action. Since this parameter only appears as the coefficient of the usual Maxwell term of the Weyl field, it will actually appear as a coupling constant for canonically normalized fields. Moreover, in order for the Weyl field not to be a ghost, we need to impose λα > 0. This is of course a necessary but not a sufficient condition for the absence of ghosts in the theory. In addition to the previously discussed quadratic terms, we will also add the usual Einstein-Hilbert term so that our resulting action reads
where M p is the corresponding Planck mass. All the curvature objects present in this action are to be expressed in terms of the Levi-Civita connection and the vector field so that we will end up with a vector-tensor theory in a (pseudo) Riemannian spacetime with the usual metric-compatible connection, that is more familiar to us. At this point, it is worth stressing that having more geometrical objects at our disposal, one could consider more general theories. In particular, one could also introduce the very same objects, but for the Levi-Civita connection, i.e., the Einstein-Hilbert plus Gauss-Bonnet written in terms of the connection Γ. Obviously, this will not introduce any new term in the action, but it can change the corresponding coefficients. Furthermore, the Weyl part of the connection has tensorial transformation properties so that it could also be used to construct new terms. In other words, we could construct additional terms in our action by using contractions of R µνρ α ,R µνρ α , R µνρ α and W α βγ . Some of such contractions will be proportional to terms already present in our action, so they will only change some coefficients. In addition, we want to write our action by using purely geometric scalars constructed out of the entire connection curvature R µνρ α . Finally, we have also restricted our action to non-parity violating terms, since pseudoscalars could also be added as, e.g., contractions of the homothetic tensor and its dual of the form Q * µν Q µν . In any case, the exhaustive exploration of all the possible terms is out of the scope of the present work, where we intend to explore the simple case of the discussed extended version of Gauss-Bonnet gravity, which already features interesting properties as we will show below.
The first term in our action and linear in the scalar curvature only contributes a mass term for the vector field when expanded in terms of non-hatted quantities, since the last term in (9) is a pure divergence. Thus, if we disregard the extended Gauss-Bonnet term, we obtain the usual Einstein-Hilbert action plus a non-dynamical vector field, which, in turn, does not play any role 3 . Therefore, the Einstein-Hilbert action leads to the same physical gravitational theory for both purely metric and Weyl geometries and irrespective the spacetime dimension d. Of course, this a reflection of the well-known result that metric and Palatini formalisms lead to the same theory for the Einstein-Hilbert action, being the metric compatibility condition of the connection a consequence of the equations of motion 4 . For the extended Gauss-Bonnet term, more interesting things happen. The linear derivative coupling of A µ in (13) to curvature is to the Einstein tensor so that it can be written as a pure divergence and, consequently, it only contributes as a boundary term in the action. The second term of the second line in (13) is also a pure divergence for d = 4 and vanishes for d < 4 so that it is non-trivial only in dimensions higher than 4. At the level of the action, things get even more interesting when performing a few integrations by parts. We can use that
to recast the action in the following equivalent (up to boundary terms) form:
We see how the worrisome term (∇ · A) 2 completely disappears and the non-derivative coupling to gravity gives an effective mass term determined by the Einstein tensor. Therefore, the final expression for our desired action written in terms of the Riemannian connection is
Now, if we remind that α is a free parameter, we see that two branches exist in this theory depending on whether such a parameter vanishes or not. If we tune the original parameters to set α = 0, the kinetic Maxwell term F µν F µν for the vector field disappears and the only remaining derivative term for A µ is A 2 ∇ · A. Since this term only contains one derivative, it does not yield a propagating field equation for A µ and, therefore, the Weyl vector is not a propagating degree of freedom.
On the other hand, if we let α be non-vanishing, the vector field acquires a kinetic term and represents a propagating field. Although the kinetic Maxwell term has a U (1) gauge invariance, the full vector sector does not, so unstable ghostly degrees of freedom might propagate. This issue will be discussed in more detail below, where we show that only 3 physical degrees of freedom actually propagate.
In order to have a canonically normalized vector field kinetic term, we need to perform the rescaling
A µ so that we finally get
where we have defined
Notice that all the above parameters except the effective mass vanish in dimensions lower than 5, so that 4 dimensions represents a special case that will be treated separately in the next section. There is also an interesting case when α → ∞ while αλ remains finite. In such a case β, κ, ξ → 0 and we recover the usual Proca action for a massive vector field. Note that we restrict our considerations to classical level in this paper. By taking into account quantum loops it may be possible to obtain finite contributions from the nonmetric terms that would classically vanish at d = 4 since, as well known, dimensional regularisation schemes generate quantum corrections to gravity scaling as ∼ 1/(d − 4). Though there is some evidence [23] that in the purely Riemannian context the quantum contributions from the topological Gauss-Bonnet term cancel at exactly d = 4, to our knowledge this issue has not been investigated in the nonmetric Weyl geometry. As that lies beyond the scope of the present study, we simply take here the "bare" values of ξ, κ and β at their classical face value, and thus assume they vanish in d = 4 in the next section IV and use dimensional reduction from d > 4 in the following section to get nontrivial contributions from the three new terms.
IV. CASE WITH d = 4
As one can see from the resulting form of the action, the 4-dimensional case is remarkable because all the nonminimal couplings of the Weyl field disappear. For this reason, we will study this simpler case separately and will leave the general case in higher dimensions for next section. We will first show how the action reduces to the Einstein-Proca theory in 4 dimensions and, then, we will discuss its potential cosmological impact, including the possibility of having dark matter from the Weyl field. We also show that a cubic Weyl term reproduces the recently studied Horndeski vector action.
A. Geometrising Einstein-Proca theory
In the four dimensional case, only the U (1) gauge-invariant kinetic term for the vector field survives in the action (up to boundary terms). Thus, the Einstein Hilbert action plus the Extended Gauss-Bonnet term in a Weyl geometry in 4 dimensions give rise to pure GR supplemented with a Proca massive vector field, i.e.:
where the mass of the canonically normalized vector field is given by
2αλ and we have dropped the GaussBonnet term λG because it is topological in 4 dimensions. This corresponds to the branch of the theory with non-vanishing α. For the branch with α = 0, the only remaining term for A µ is the mass term coming from the Einstein-Hilbert part of the action. As explained before, in this case the vector field vanishes identically by virtue of its own field equations. It is interesting to notice that the actual Gauss-Bonnet combination (i.e., the corresponding Lovelock invariant) leads to α = 0 as it should, since it is a pure topological invariant in 4 dimensions. We note that previously Buchdahl has found a geometrisation of the Proca field by considering generalised quadratic curvature terms in the Palatini formulation [24] .
Matter fields of the standard model of elementary particles are assumed to couple minimally to the spacetime metric. This implies that they only feel the Levi-Civita part of the spacetime connection and, thus, are insensitive to the Weyl component. For instance, the trajectory followed by a point-like particle is determined by the geodesic equations. However, the connection entering these equations as deduced from the corresponding action S pp ∝ ds with ds its worldline path, is actually the Levi-Civita connection of the metric. It would of course be possible to introduce non-trivial couplings of A µ to ordinary fields by allowing non-minimal couplings, i.e., direct couplings to the connection through the curvature. This is in fact a usual result of modifying the gravitational sector. To give an example, in the model of Higgs inflation introduced in [25] , there is a coupling of the standard model Higgs field Φ to the Ricci scalar of the form U (Φ)R, with U (Φ) a certain function. In that case, an interaction term of the form U (Φ)A 2 will arise from the Einstein-Hilbert term. Had we added a coupling to the EGB term, a kinetic interaction would also arise. Finally, notice that the vector field will couple via quantum loops to all the particles, but those processes are typically suppressed by the Planck scale.
Given that the Weyl vector field A µ is decoupled from ordinary matter, it represents a natural candidate for Dark Matter (DM). It is worthwhile to notice that precisely the fact that the Weyl field is completely decoupled from the SM particles, makes it different from those based on hidden photons as in [26] where there is a kinetic mixing between the additional massive vector boson and the usual photon. Thus, the mass constraints obtained for those models do not apply to our case. In addition, only cosmological or astrophysical constraints can be obtained for the Weyl field mass, since any potential signature in accelerators necessarily is through processes involving graviton loops, which are very suppressed as explained above. We will show below that the Weyl field is a very suitable candidate for cosmological dark matter, but first let us comment on the possibility of constructing non-trivial cubic interaction terms.
B. On cubic curvature terms
The main focus of our study so far has been to find an extension of the the Gauss-Bonnet term leading to second order equations of motion. Our approach could of course be implemented to include higher Lovelock invariants to obtain more general actions for a vector-tensor theory and with second order equations. In d = 4, the GaussBonnet term is a topological invariant and the higher Lovelock invariants vanish identically. However, in a Weyl geometry, it is possible to construct a particular combination which is cubic in the curvature and gives rise to second order field equations. Such term is allowed due to the existence of the vector-tensor Horndeski interaction given by
2 ǫ αβµν ǫ γδρσ R µνρσ the double dual Riemann tensor 7 and Λ some mass scale. This term was shown to lead to second order equations of motion in [28] . More recently, the cosmology of this type of interaction has been studied in [17] and its stability in different non-trivial backgrounds has been analysed in [18] . The reason why such a combination does not lead to higher than second order equations is because the double dual Riemann tensor and the dual of F µν are both identically divergenceless. Guided by the existence of this interaction, we can construct particular cubic terms in R µνρ σ that reduce to the Horndeski vector-tensor interaction and give a trivial contribution for the pure Levi-Civita connection. The desired combination is given by
whereL αβγδ ≡ − 1 2 ǫ αβµν ǫ γδρσ R µνρσ denotes the double dual Riemann tensor of the full connection and Q µν the homothetic tensor. This gives our desired contribution because, for the Weyl connection, we have Q µν = −4F µν . Notice that we could have added combinations including P µν , although in all cases only its antisymmetric part will contribute and this part is precisely fully determined by F µν , as we explained in detail above. It is also worth stressing that the double dual Riemann tensor is still divergenceless in a Weyl geometry (which is the key property that guarantees the second order nature of the field equations), but it is divergenceless with respect to the full connection Γ α βγ and not with respect to the Levi-Civita part of the connection, i.e.,∇ · L = 0, but ∇ · L = 0. The discussed type of Horndeski vector-tensor interactions arise from higher dimensional scenarios when performing a Kaluza-Klein reduction of the higher dimensional Gauss-Bonnet term as interaction between the graviphoton and the 4-dimensional graviton [29] . In Weyl geometry, we see that these interactions can be obtained from geometrical objects directly in 4 dimensions as cubic curvature terms.
Written in terms of the Levi-Civita connection, Riemannian objects and the vector field, the cubic term leads to the following vector-tensor interactions
Here we explicitly see how the proposed cubic term leads to the Horndeski type of vector-tensor interaction plus some additional terms all of which yield second order equations for both, the Weyl field and the metric tensor. As we have commented, the stability of the pure Horndeski term was studied in detail in [18] . In that work, only gauge invariant terms were considered so that the vector field only propagates 2 degrees of freedom. However, U (1) gauge invariance is absent in (25) so additional modes might propagate. It is not our aim to study the full stability of the modified Horndeski lagrangian (25) here, but let us simply point out the following. If we consider the pure longitudinal mode A µ = ∂ µ φ, the action trivializes because F µν vanishes. If transverse modes contributing to F µν are present, then the lagrangian for the pure longitudinal mode becomes
where we have defined the symmetric objects
which only depend on F µν . This lagrangian for φ leads to contributions of second order derivatives in φ, which is an indication that no more than 3 propagating degrees of freedom are present in the theory, as it corresponds to a Proca field in 4 dimensions. Of course, this does not guarantee the full stability of the theory since instabilities and/or lack of hyperbolicity in the field equations can exist in vector field theories propagating fewer than 4 degrees of freedom [30] . To end this discussion on cubic curvature terms, let us notice that cubic terms involving only the homothetic tensor of the form Q α β Q β γ Q γ α vanish identically so they do not give new contributions.
C. Cosmological impact: A natural Dark Matter candidate
The mass of the vector field is fully determined by the combination αλ so that its cosmological relevance and consistence as DM model will constrain such a parameter. If we assume a natural value for it, i.e., that it takes a value αλ ∼ 1, then the vector field has a mass close to the Planck scale and it represents an extremely heavy field whose interaction range is below Planck length. Thus, throughout the cosmological evolution of the universe, the homogeneous part of the spacelike components of the vector field will be in a rapidly oscillatory regime, giving rise to an averaged energy density decaying like a matter fluid. To see this, let us write the vector field equations in a FLRW universe, whose metric is given by
The equation for the temporal component gives the usual constraint A 0 = 0. For the spatial part of the homogeneous vector field, the three components evolve independently of each other and satisfy the equation
From this equation we can clearly see that the field components will oscillate with frequency ω ∼ M throughout most of the expansion history of the universe under the assumption αλ ∼ 1. In general, the field will enter the oscillatory regime whenever H 2 < M 2 = 3M 2 p /(2αλ). These oscillations can be averaged and satisfy the virial relation
where the brackets denote average over several oscillations. The trace of this relation yields
The energy-momentum components of the vector field in a FLRW metric are
Thus, we can see that the averaged pressures and anisotropic stresses p k and T i j vanish and, as a consequence, the averaged energy momentum tensor of the vector field will evolve as that of a matter component. Notice that this is independent of the polarization state (linear, circular...) of the vector field. Hence, the coherent oscillations of this vector field can play the role of a dark matter component. In fact, this result is nothing but a particular case of the more general case considered in [31] with an arbitrary power law potential and subsequently generalized for non-abelian fields in [32] and for arbitrary spin fields in [33] .
We can obtain constraints on the initial amplitude of the vector field for it to be compatible with the observed dark matter abundance today which is Ω DM ≃ 0.2 so we need to impose
Since we have that the average energy density evolves as that of a matter component, we can relate the energy density today to the initial amplitude of the vector field as
2 | ini and we have used the averaged virial relation. Thus, the above constraint can finally be written as
where we have expressed the mass of the vector field in terms of the original parameters λ and α. If these parameters are of order 1, then we roughly have the bound for the initial amplitude of the vector field
2 eV, which is very small value for most of the universe history. For instance, at BBN we have −A 2 BBN < ∼ 10 −18 eV. Thus, we would need a mechanism to generate the field giving rise to a small primordial amplitude. This can require a fine tuning of the initial conditions. One possibility would be from quantum fluctuations during inflation, which would deserve a more detailed analysis.
V. CASE WITH d > 4
In dimensions higher than 4, the action becomes much more involved and, in particular, the vector field acquires non-minimal couplings. In this section, we will study the stability of the theory and will show how one can recover Horndeski type of interactions.
A. Degrees of freedom
A worrisome feature of the resulting action for the Weyl vector field is the absence of a U (1) gauge invariance in derivative terms, which might potentially lead to the propagation of additional (ghostly) degrees of freedom with respect to the 3 healthy degrees of freedom corresponding to a massive vector field. However, this is not the case for the Weyl field, as can be seen from several ways, but all essentially reduces to the fact that no proper kinetic term is present in the action for A 0 . First of all, one should notice that, although all four components of the vector field enter with time derivatives in the action, the corresponding Hessian vanishes because
8 Notice that ρ 0 denotes the energy density of the vector field today, not the critical density.
which indicates a degenerate transformation to canonical hamiltonian variables and the presence of constraints. Such constraints can be obtained from the definition of the conjugate momenta, which are given by
From this, we see that there is one primary constraint obtained from the canonical momentum of the temporal component given by Π 0 − ξA 2 = 0. It is easy to see that such a primary constraint generates a secondary constraint via its Poisson bracket with the Hamiltonian. Moreover, this secondary constraint has a non-vanishing Poisson bracket with the primary constraint, which shows that it corresponds to a second class constraint and, thus, it does not generate any gauge symmetry, as expected from the obvious absence of U (1) gauge invariance in the action. This hints that only the 3 physical degrees of freedom corresponding to a massive vector field propagate. Obviously, showing that no additional degrees of freedom are present does not guarantee the stability of the theory, since we could still have a ghostly longitudinal mode or other types of instabilities, as we discussed in the 4-dimensional case [30] . However, having only 3 propagating modes prevents the appearance of the Ostrogradski ghost associated to the higher order nature of the Stückelberg field, as we discuss in more detail in the following.
B. Recovering Horndeski Lagrangians
We will use the Stückelberg trick to have a U (1) gauge symmetry for the vector field. This is achieved, as usual, by making the replacement
This is of course equivalent to making the Weyl connection U (1) invariant by performing said replacement in the non-metricity condition (1) . This is useful because one can see that the absence of the U (1) symmetry for the vector field leads to the appearance of a ghost degree of freedom as a consequence of having higher than second order derivative equations for the Stückelberg field with the associated Ostrogradski instability. When the Stückelberg field only propagates one degree of freedom (i.e., it satisfies second order equations), it represents the longitudinal mode of the vector field. After the mentioned replacement, in our case, the resulting U (1) invariant lagrangian can be split into the sum of 3 pieces L = L φ + L A + L int corresponding to the pure scalar and Weyl fields and the term mixing both of them. The scalar field piece can be written as:
where we can recognize the Horndeski form, thus, leading to second order equations of motion and avoiding the Ostrogradski ghost. In the case of a Weyl geometry fully determined by the scalar field (i.e., with A µ ≡ ∂ µ φ), we recover exactly this particular type of Horndeski action, without the vector sector 10 . Of course, this Horndeski action is only non-trivial in dimensions higher than 4. As we discussed above, in d = 4 only the canonical kinetic term for the scalar field survives.
In order to obtain non-trivial actions in 4 dimensions, we need to use some method to arrive at the effective 4-dimensional action. We want to explicitly show how to obtain 4-dimensional Horndeski terms from Extended GaussBonnet gravity in Weyl geometry so that we will use the simplest method and perform a standard Kaluza-Klein (KK) reduction assuming that we have the usual 4 dimensions plus one compact fifth dimension. In general, the reduction procedure will lead to the appearance of an infinity tower of KK Horndeski fields which are non-trivially coupled to each other. Nevertheless, the scalar field originates from a Stückelberg trick so that it has a shift symmetry 11 , i.e., all the interactions are derivative (as one can straightforwardly check by looking at its lagrangian). This protects the zero mode of the tower from non-derivative interactions with the higher modes. In fact, it is the zero mode that inherits the shift symmetry of the 5-dimensional field. If we send the extra dimension radius to a very small scale, the KK reduction procedure yields the following effective 4 dimensional lagrangian
(41) with ϕ n the corresponding KK modes of φ. Now, we can see that the pure zero mode exactly reproduces a Horndeski type of lagrangian. This is the simplest reduction to obtain the Horndeski lagrangians where we have set the dilaton (and the graviphoton) to zero. For the mentioned zero mode, (i.e. if we assume that φ only depends on the 4-dimensional coordinates), the action for the Stückelberg field resembles an extended version of Kinetic Gravity Braiding [34] whose general lagrangian is 12 L KGB = K(φ, X) + G(φ, X)✷φ with X ≡ 1 2 ∂ µ φ∂ µ φ. After integrating by parts, the action for the zero mode can be written as
where we explicitly see the aforementioned extended form of the Kinetic Gravity Braiding model. If one includes also the vector part of the nonmetricity, the following interaction lagrangian emerges after the KK reduction to four dimensions:
The suitability of these vector-scalar theories to cosmological applications along the lines of [13] [14] [15] [16] as well as their full stability remains to be studied. In the following we will instead consider conformally invariant versions of the Horndeski-type theories we have arrived at here.
VI. WEYL GAUGE SCALE INVARIANT THEORY
In the previous section, we have shown how particular types of Horndeski interactions arise for the longitudinal mode (or Stückelberg field) of the Weyl vector field within our extended Gauss -Bonnet action. So far, we have not considered the fact that Weyl geometries are the natural arena to construct theories with a local scale invariance or conformal gauge symmetry 13 . In fact, the vector field is nothing but the gauge field associated to said symmetry as we showed in Section 2.
Let us briefly review how the Weyl gauging works for a scale invariant theory. For that, we need a conformal symmetry for the metric g µν → e 2Λ g µν . Then, one can build the action by means of the Weyl tensor, which is conformally invariant, but it introduces ghostly degrees of freedom. We follow another route here. One can gauge the conformal symmetry by introducing a vector field to construct a covariant derivative as
Of course, this covariant derivative transforms in the correct way D µ g αβ → e 2Λ D µ g αβ provided the gauge field transforms as A µ → A µ − ∂ µ Λ(x), i.e., as a U (1) gauge field. Now, to determine the connection, one can impose the generalised metric condition
It is not very difficult to understand that the connection is then given bŷ
since D = D +Γ. This is nothing but expression (2) written in a manifestly Weyl invariant form. From the way the connection is written in (46), it is obvious that it is a conformal gauge invariant object. Therefore, the corresponding Riemann tensor R µνρ σ constructed out of this connection will also be invariant and, thus, the Ricci scalar will transform as the inverse metric, i.e., R → e −2Λ R. That way, the usual Einstein-Hilbert action for this connection can be made scale invariant if we introduce a scalar field playing the role of the Planck mass as follows
where the scalar field transforms as φ → e −Λ φ. Of course, now one could also include a gauge invariant kinetic term for the scalar field of the form √ −gg µν D µ φD ν φ with D µ φ ≡ (∂ µ − A µ )φ and the scale invariant potential ν √ −gφ 4 . On the other hand, we can also add all the terms satisfying the usual conditions plus scale invariance, that is, we can write down all the scale invariant terms leading to second order equations of motion. Such terms are
In terms of the metric connection, this action can be written as:
Notice that D µ acting on the scalar field does not depend on the spacetime connection, as usual. These are the usual terms quadratic in derivatives. However, these are not the only terms leading to second order equations of motion, but they are given by the general Horndeski [36] 
with K, G 3 , G 4 , G 5 arbitrary functions and X = 1 2 ∂ µ φ∂ µ φ. The special structure of these 5 terms guarantees that the equations of motion will remain of second order even though second order derivatives are present. Now, we can wonder if these terms can be made scale invariant without spoiling such a structure. This can indeed be done in a straightforward way by simply replacing covariant derivatives by the corresponding Weyl gauge covariant derivatives, i.e., we shall replace ∇ µ → D µ . For the following it will be useful to remind that [φ] W = −1, [g µν ] W = 2 and [X] W = −4, where [·] W denotes the Weyl weight of the corresponding quantity. In order not to spoil the scale invariance of the theory, the arbitrary functions appearing in the Horndeski lagrangians must be of a determined form. For instance, for L 2 to lead to a scale invariant term, we should require K(φ, X) to have weight 14 -4 . Then, we can simply require that K should be of the form φ 4 k(X) withX ≡ X/φ 4 . If this function admits an expansion aroundX = 0, we have
) so we recover the quadratic kinetic term and the quartic potential. We can proceed analogously with L 3 and, then, we find that G 3 must have weight −1 so that it should be of the form 15 G 3 = φg 3 (X). We can proceed analogously for G 4 , although some care must be taken to guarantee the special structure of L 4 . Obviously, G 4 should have weight −2 so that we can write G 4 = φ 2 g 4 (X). On the other hand, for the second term in L 4 to be scale invariant, we should demand G 4,X to have weight 2. This is indeed the case, since
, that has weight 2 (remember that g 4 andX are scale invariant by construction). We can proceed similarly with the fifth Horndeski term to find that G 5 must be of the form G 5 = g 5 (X). Thus, the 14 Each lagrangian should have weight -4 to compensate for the weight of the determinant in the integration measure so that the action has weight 0. 15 Notice that we are correcting the weight of the functions by adding an appropriate power of the scalar field. One could of course choose any other combination of fields, but all of them will be equivalent to our choice by a simple redefinition of the weightless function.
scale-invariant version of the Horndeski terms are given by
where D 2 ≡ g µν D µ D ν and a prime denotes derivative with respect toX. In 4 dimensions, the higher Lovelock invariants are not included because the Gauss-Bonnet term is topological and the higher invariants are trivial. However, being in a Weyl geometry, we have shown that higher non-trivial terms can be introduced. In particular, we can add our extended Gauss-Bonnet term, that will simply contribute a Maxwell term for the Weyl vector (see Section IV). Since quadratic terms in curvature are automatically scale invariant, we do not need to introduce a coupling to the scalar field to correct for the weight. On the other hand, we can also include the cubic term discussed in Section IV which leads to the vector-tensor Horndeski interaction. That term has Weyl weight −2 so that we need to introduce a coupling to φ −2 to make it scale invariant. The resulting term with conformal invariance is given by
Thus, the Weyl invariant Horndeski scalar-tensor theory is given by a combination of the above 5 Horndeski lagrangians plus our extended Gauss-Bonnet term (which in 4 dimensions simply gives a Maxwell term for the Weyl field) and the extended scale invariant vector-tensor Horndeski interaction.
VII. DISCUSSION
In this work we have explored extensions of General Relativity within the framework of Weyl geometries. We have started by very briefly reviewing the main geometrical properties of a Weyl spacetime, which is characterized by a non-metricity tensor fully determined by a vector field. Then, we have considered theories up to quadratic terms in the curvature under the condition that the resulting action should reduce to the usual Gauss-Bonnet term when imposing metric compatibility, i.e., when we have vanishing Weyl connection. The reason to impose such a condition was to guarantee the absence of ghosts associated to higher order derivative terms for the metric tensor. We have also restricted our action to be constructed with the total Riemann curvature tensor and discussed the independent contractions that can be performed. This procedure led us to an effective vector-tensor theory of gravity in a more familiar (pseudo) Riemannian geometry. The resulting theory is remarkably simple given our starting point and only depends on 2 parameters (in addition to the Planck mass), one of which controls whether the Weyl vector propagates or not. The terms which survive in the action crucially depend on the number of dimensions and we have analysed separately the cases d = 4 and d > 4. For d = 4, we have obtained a simple Proca action for the Weyl vector and have proposed that it could represent a natural candidate for dark matter, although the primordial amplitude must be very small. Moreover, we have discussed a cubic term in the curvature that nevertheless leads to second order field equations and which is motivated by the vector-tensor Horndeski interaction.
Thus, in the nonmetric context of Weyl geometry, we have discovered novel geometric interpretations for several familiar theories. To summarise our findings,
• The Proca action is an Einstein-Gauss-Bonnet theory of nonmetric curvature. We proposed that the massive vector in this case could play the role of cosmological dark matter.
• Geometrisation of massless Maxwell theory on the other hand is provided by considering nonmetricity solely in the Gauss-Bonnet-like term 16 . By coupling then a complex scalar field to the nonmetric covariant derivative one obtains a version of scalar electrodynamics, though we didn't explore this possibility.
• A cubic curvature term was shown to reproduce the Horndeski vector theory with a gauge-invariance breaking generalisation.
• The dimensionally reduced d > 4 theories feature a scalar degree of freedom with a general Horndeski action.
• Finally, we considered endowing the Horndeski theories with local scale invariance by restricting to those forms of the terms that respect the scale transformation symmetry.
Since we have considered extended Gauss-Bonnet actions in Weyl geometries, it was natural to study general scalartensor theories with conformal invariance because the Weyl field can be associated to the gauge field of local conformal symmetry. Thus, we have taken the most general scalar-tensor theory with second order equations of motion, i.e. the Horndeski lagrangians, and used the Weyl field to provide it with local conformal invariance. Once again, the fact that we are considering Weyl geometries has allowed us to add more terms yielding second order equations of motion and which trivialize for Riemannian geometries. Such terms are our extended Gauss-Bonnet and vector-tensor Horndeski interactions. Whereas the extended Gauss-Bonnet simply gives a Maxwell term for the Weyl vector, the extended Horndeski term gives new interactions involving the scalar field. In this work we have shown how vector-tensor theories of gravity can be naturally accommodated within the context of Weyl geometry. Some of the interactions are novel in the literature and allow to recover particular classes of Horndeski lagrangians with a potential interesting phenomenology for cosmological applications. These will be explored in more detail in a future work to test the true observational viability of such models. Another aspect that deserves further exploration would be to find gravitational actions with a local scale invariance which reduce to our extended Gauss-Bonnet terms in the low energy limit after a symmetry breaking mechanism so that our dimensionful parameters are promoted into expectation values of some fields. As stressed several times, we have restricted the analysis to our simple extension of Gauss-Bonnet terms and a more exhaustive exploration allowing for more general terms, including parity-violating terms, would deserve attention.
